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Abstract—In this paper, we examine the asymptotic behavior of
degree correlation (i.e., the joint degree distribution of adjacent
nodes) in several scale-free topology generators GED [14], PLRG
[1], GLP [11], BA [4], AB [2]. We present a unifying analytical
framework that allows tractable analysis of degree correlation in
all studied models and derive asymptotic formulas of two degree
correlation metrics — assortativity and clustering. Our results
indicate that all studied generators become uncorrelated as graph
size increases, which is inconsistent with time-invariance of these
metrics in real networks such as the Internet [37], [49], [51]. Since
the class of degree-based generators is incapable of reproducing
evolving characteristics of the Internet, we study three other
models that evolve graphs using different rules than preference
of degree (e.g., based on random walks [51], optimization [18],
and geometry [24]) and show using simulations that these models
are much more viable alternatives for replicating the complex
structure of Internet-like graphs.

I. INTRODUCTION

Recent research suggests that many graphs found in the real
world (such as social relationships, scientific collaborations,
Internet autonomous system connectivity, web-page linkage,
telephone call logs, various molecular structures, etc.) exhibit
drastically different characteristics from those of classical
Erdos-Rényi random graphs [17]. Besides the well-known
heavy-tailed distribution of node degree [15], [19], real-world
graphs demonstrate a strong correlation among the degree of
adjacent nodes (e.g., large-degree nodes are more likely to be
paired with small-degree nodes, or triangle formation is more
likely between large-degree nodes). A significant research
effort is currently under way to better understand the evolution
of complex networks and design generators that can reproduce
graph theoretic metrics found in these structures [1], [2], [4],
[11], [13], [18], [23], [24], [28], [48], [51], [53].

Recent studies [29], [42] demonstrate that degree correla-
tion (formally defined below) is sufficient for characterizing
the structure of a random graph, where correlation among
up to three neighboring nodes is enough to capture many
commonly used graph properties. In fact, the authors of [29]
propose a generator that randomly rewires links until it can
match the desired degree correlation. The resulting graphs are
then shown to replicate such global properties as coreness,
spectrum, distance distribution, and betweenness of many
existing topology generators. However, this approach is very
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computationally intensive and requires the knowledge of the
joint degree distribution of neighbors in the target graph, which
may be difficult to obtain in practice. Furthermore, the brute-
force approach of [29] does not easily allow the graph to
evolve and does not capture any qualitative characteristics of
the system it creates.

To understand the fundamental properties of degree correla-
tion in existing topology generators and how well they match
those of existing networks, we propose a new analytical frame-
work for modeling two- and three-node correlation in power-
law random graphs with a specific focus on the evolution of
the system. It is well-known that static properties of graphs
(i.e., those observed at a fixed time t) can be captured with
sufficient accuracy by many existing generators. However,
a more interesting question [51] has recently emerged as
to whether these generators can replicate the behavior of
real graphs as time evolves. Specifically, for a fixed set of
initial parameters, [51] shows that the trend of clustering
coefficients of many evolving degree-based generators exhibits
a significant discrepancy with that of the Internet as observed
in [37], [49]. As clustering coefficients are a special case
of three-node correlation, our proposed framework allows to
understand what causes this discrepancy and whether it can
be overcome within the studied class of topology generators.

The class of models we study in this work is called degree-
based since link formation between individual nodes depends
only on the current degree of potential neighbors, or equiva-
lently, weights assigned to them. Many traditional generators
such as GED [14], PLRG [1], GLP [11], BA [4], and AB
[2] fall into this category. On the other hand, generators that
implement neighbor selection based on additional information
(besides node degree) constitute a completely different class
of link-based models (e.g., WIT [51], HOT [18], and SWT
[24]), which are not modeled in this paper, but briefly studied
in simulations (see below).

A. Main Results

We first study GED as a foundation for understanding
correlation in degree-based random graphs. We derive the
asymptotic decay rate of the expected assortativity coefficient
r(QG), which captures two-node correlation in the system, and
the expected clustering coefficient v(G), which captures three-
node correlation, as graph size n — oo. Specifically, our
analysis demonstrates that:

O (—n'"%) l<a<2
Elr(G)] =} ©(-n"tlog’n) a=2 (1)
0 a>2



and

O(n'"*logn) 1<a<?2
E(@)] =4 0@ log’n) a=2 ,
O(nh) o> 2

where o > 1 is the shape parameter of the power-law degree
distribution.! This analysis shows that GED is asymptotically
uncorrelated for all values of o > 1 and provides an explana-
tion of the phenomena observed earlier in [51], where GED’s
clustering decayed to zero while that of the Internet remained
constant.

Full derivation of (2) for 1 < o < 2 involves a great deal
of tedious integration (see Theorem 2), which is unrealistic
to perform for each studied method and sometimes even
impossible depending on the type of function used to construct
each link. To expand the GED result to a wider class of
additional methods, we next propose a general framework
for reducing degree-based generators to GED in order to
obtain their asymptotic assortativity and clustering. We show
that as long as the link-existence probability function 7 of a
new method can be bounded by that of GED, its correlation
asymptotically behaves the same as (1)-(2). We then show that
this condition, which we call asymptotic mw-equivalence, holds
for PLRG, GLP, BA, and AB. We not only obtain completely
novel results on the behavior of degree correlation in PLRG,
GLP, and AB, but we also provide an analytical platform of
m-equivalence that can be used to show similar results for any
degree-based generator with a power-law degree distribution.

We finish the paper by discussing the implications of results
obtained in this work. In particular, our results prove that
all existing degree-based generators become uncorrelated as
the graph grows in size. This is in stark contrast to networks
observed in real life, in which both assortativity and clustering
remain constant as the system evolves. This invariance of both
the degree distribution and its correlation has an important im-
pact on the design of future topology generators. Specifically,
we conjecture that the entire class of degree-based generators
is insufficient for capturing the evolving structure of small-
world graphs such as the Internet and illustrate in simulations
that link-based generators WIT [51], HOT [18], and SWT
[24] are much more effective in keeping node correlation
time-invariant. This suggests that the fundamental differences
between degree-based and link-based models first observed in
this work are indeed significant.

The rest of the paper is organized as follows. Section
IT explains definitions and related work. Section III derives
assortativity and clustering of GED. Section IV introduces the
notion of m-equivalence. Sections V and VI reduce existing
topology generators to GED. Section VII briefly compares
different graph algorithms to the Internet and Section VIII
concludes the paper.

II. BACKGROUND

In this section, we overview a small subset of related
work, introduce the notation commonly used in this field, and

Note that prior results of this nature [5], [8], [9], [15], [25], [47] are
available only for the “simple” case of a > 2, which is not applicable to
many existing networks (e.g., the Internet AS graph has o ~ 1.2).

mention several well-known models that we study later in the
paper.

Assume an undirected connected graph G = (V,€) with
vertex set V and edge set £. Suppose that the graph has
|[V| = n nodes, whose degrees are given by dj,...,d,. For
asymptotically large n — oo, we treat node degree d as a
continuous random variable with CDF F(z) = P(d < )
and replace all degree-based summations with corresponding
integrals. Since we solely focus on scale-free graphs, the CDF
function is assumed to be Pareto F'(x) = 1 — (8/x)®, where
0 > 0 is the scale parameter and « > 1 is the shape parameter.
Denote by i < j the event of link (4,j) being present in &
and by F[d*] the k-th moment of node degree in graph G.

A. Degree Correlation

The assortativity coefficient r(G) characterizes two-node
degree correlation and measures the extent to which nodes
connect preferentially to other nodes with similar degrees [32].
The expectation of r(G) is given by:

E*d) Y, 3, wyw(z,y) — E*[d?]
Elr(G)] = E[d|E[d®] — E2[d?]

3

where w(z,y) is defined as the probability that two arbitrary
connected nodes have degree = and y, respectively [16]:

w(z,y) = P(d; = z,dj = y|i < j). )

Graphs with positive values of r(G) are so-called assortative,
graphs with negative r(G) are called disassortative, and graphs
with r(G) = 0 are called uncorrelated.

The most widely-used metric for three-node degree corre-
lation is the clustering coefficient v(G), which quantifies how
likely the neighbors of a node are to be connected to each
other. Suppose that a given node ¢ is contained in T} triangles.
Recall from [52] that the clustering coefficient +; of node @
(as long as degree d; is at least two) is defined as the ratio of
T; to the maximum number of such triangles:

T
T = ‘ ) di > 2a 5

Y= G- e ®)

and the clustering coefficient v(G) of the graph is then defined
to be the average of v; over all nodes ¢ with degree d; > 2:

V(G) N Ei@/—y(l) Yi

— Ziey-y® i 6
N ©

where V(1) is the set of both degree-zero and degree-one nodes
in G, ie., V® = {j € V: d; <1}. Note that other definitions
of the clustering coefficient exist in [9], [46], [54], but they
are not studied here.

The combination of assortativity and clustering has been
used in characterizing real networks [22], [35]. For power-law
networks with shape parameter o > 2, the following results
have been established [8], [15], [33]:

(E[d®] — E[d])?
nE3[d]

However, little is known about the case of 1 < a < 2
commonly found in real networks (e.g., the Internet). The

E[r(@)] =0, ENG)] = )



closest analysis to tackling this issue is given in [15], which
obtains F[y(G)] as a complex summation that allows only
numerical computation and provides no qualitative asymptotic
behavior in the limit of large n. In this paper, we solve this
problem and establish the trend of E[y(G)] for all o > 1.

B. Graph Models

In this section, we briefly mention several graph models that
produce power-law degrees. For a complete literature survey,
we refer readers to [16], [33], [38].

1) Non-Evolving Models: In this category, we mention
several generators that do not grow (evolve) the network over
time. One of the simplest power-law graph construction mod-
els is called Given Expected Degree (GED) [14], a specialized
algorithm of fitness models [8], [12], [20], [45]. In GED, a
sequence of weights {w;} is first generated according to a
Pareto distribution and then each edge (i,j) is created with
independent probability:

Dij = min (wguj , 1) , ®)

where D = >, wg.

A similar graph construction method called Power-Law
Random Graph (PLRG) [1], or more generally configuration
models, which have been extensively studied in [6], [27],
[301, [311], [34], [36], and later extended in [29], [42]. PLRG
replicates each node 7 exactly w; times and then places random
edges between the replicated nodes with equal probability.

Additional non-evolving generators include random geomet-
ric graphs [24] and rewired small-world (Watts) networks that
exhibit heavy-tailed degree distributions [39], [52].

2) Evolving Models: Next, we review several models that
grow graph sizes over time. Since Barabdsi’s revival of this
direction in 1999, evolution models have taken the center stage
of modern topology modeling; however, the earliest evolving
model can be traced back to Simon’s work in 1955 [10], [43],
[44]. Several classes of generators can be described under
the umbrella of Generalized Linear Preference (GLP) [11],
in which the system grows by adding new links or joining
new nodes at each time step. The linking decision is based
on the the preferential-attachment function p;(¢), which is the
probability of node i to be chosen at time ¢:

di(t) — A
i t) = )
PO = @ ) - )

where shift-parameter A € [—oo, 1] and the degree distribution
is Pareto with shape aw = 2 — X\ € [1,00). Similar attachment
functions are used in BA [4] and AB [2] with certain changes
to A and the algorithm for creating new links. Variants of (9)
are also used in non-linear preferential-attachment [26], [54]
and multi-scaling fitness models [7].

9

IIT. ANALYSIS OF GED

Recall that GED [14] assigns random weights w; drawn
from the Pareto distribution and then creates each link with
probability p;; in (8). Next, we explore the asymptotic behav-
ior of GED’s degree correlation and answer the question of

whether it can be maintained for large n. We then demonstrate
that PLRG, BA, AB, GLP, and potentially many other graphs
can be modeled under the same analytical umbrella.

A. Link Formation

We first formalize the relationship between weights and
edge existence in G. Define 7(x,y) to be the probability of
two nodes being connected given their weights « and y:

w(x,y) = Pli = jloi =z,w;=y).  (10)
For GED, this function is simply:
. (TY

y) = min(22,1), 11

m(x,y) mln( ) (11D

where D = 2221 wy, is the total degree weight in the graph.?

Next, notice that the distribution of D is given by an
n-fold convolution of Pareto distributions, which makes the
analysis of degree correlation intractable. Therefore, most of
the derivations below approximate D with its expectation, i.e.,
D =nFE [wi].

B. Two-Node Correlation — E[r(G)]

It has been shown in [8] that w(z, y) in (3) can be described
in terms of 7(z,y) as:

nf(@)f(y)m(z,y)
Eld] ’

where f(z) is the PDF of weights. Substituting (12) into (3)
and replacing the summations with integrals, we can express
E[r(G)] in terms of 7 (z,y):

w(z,y) = (12)

 Bldp— B[P
O mape- e W
where p is given by:
p=n [ [ syrte.) f@)s )iz (14)

Note that for finite n, all node degree is no larger than
n— 1 and higher moments of d in (13) are finite. This leads to
the next result that expands the integral in p and derives the
asymptotic trend of E[d?] and E[d?] for Pareto distributions
with o < 2.

Theorem 1: The expected assortativity coefficient of GED
graphs is asymptotically:

O (—n'"?) l<a<?2
Elr(G) =} 0 (-n"'log’n) a=2 ) (15)
0 oa>2

where « is the shape parameter of the power-law weight
distribution.

2The original model described in [14] does not have the min function
as in (11), but instead requires that w;w; < D. Since this constraint does
not hold in the Internet, we replace the inequality with the min function. A
recent extension of the original model has been proposed in [8] to construct
correlated graphs, however, their method is different from (11) and thus
orthogonal to our discussion.
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iterations.

Proof: First, we examine the double integral p. To expand
the min function, we split (14) into two parts p; and ps such
that p = p1 + p2, where:

D (-
p1 = / / nxyf(x)f (y)%dydw, (16)
s Ja

and

D D
02=ZJ£ [, nevf@swdyda. (a7

For 1 < a < 2, we obtain p; = © (n?* “logn) and
p2 = O (n2*a log n) from which it follows that p =
C) (nQ"" logn) for 1 < o < 2. For « = 2, we have
p1 = O (log”n) and p, = O (logn), which establishes that
p =0 (log>n) for a = 2. For a > 2, we can omit the min
function in the double integral and replace it with xy/D to
obtain p = E?[d?]/E[d].

Next, we consider degree moments E[d?] and E[d?] in the
limit of large n for 1 < o < 2: E[d*] = © (n*~“) and
E[d®] = © (n*®) for 1 < a < 2, E[d?] = O(logn) and
E[d3] = ©(n) for a = 2. Combining with (13), we establish
the first two lines in (15).

For a > 2, substituting p = E?[d?]/E[d] into (13) leads to
E[r(G)] = 0, which is the third line in (15). [ |

To verify the model, we constructed 10,000 GED graphs
with shape parameters o = 1.2 and a = 2 and extracted
the corresponding average assortativity coefficients. In Fig. 1,
we plot the curve of E[r(G)] and the corresponding model
(15), where we obtain the constant by fitting the model to the
actual value for the smallest n used in the simulations. As the
figure shows, the model matches simulations well. The result
(15) shows that for finite n, GED graphs are expected to be
disassortative, but as n — oo, two-node degree correlation
disappears regardless of shape «. It is also worth noting that
for different «, the assortativity coefficient decays to zero at
different rates as specified in (15) — the heavier the tail, the
slower the decay.

C. Three-Node Correlation — E[v(G)]

In what follows, we reduce the problem of deriving E[y(G)]
to finding the average clustering coefficient of nodes with
a given weight. The first lemma indicates that the expected
clustering of a single node ¢ (averaged over all possible
weight assignments in the graph) is sufficient for establishing

Ely(G)].

Lemma 1: In any graph G, the expected clustering E[v(G)]
is:

EN(G)] = Elvld: = 2, (18)

where 7 is the index of any node in graph G.

Proof: Let N5 be the number of nodes in the constructed
graph G whose degree is at least 2, i.e., Ny = [V| — [V,
From the definition in (6), the expected clustering E[v(G)] is

given by:
ZiGV—vu) Yi
Ny ’

where -y; is the clustering of node :. Conditioning on Ny = v,
we can write:

Ehman[ (19)

Y L E[i|N2 =y, d; > 2]
Yy

Notice that the summation has exactly y terms and that
E[y;|Ny = y,d; > 2] is the same for all i. Therefore, (20)
becomes:

E[(G)|Ny =y] =

(20)

E[y(G)|N2 = y| = E[vi|N2 = y,d; > 2], 21

which establishes (18) by unconditioning N in (21). |
Next, expanding E[v;|d; > 2], we yield a more convenient
expression for E[y(G)] in the next lemma.
Lemma 2: The expected clustering of a GED graph is given
by:

ER(G) = [ Eb@)fld > 2dn,  (22)
where E[y(z)] = E[vilw; = z,d; > 2] is the expected
clustering of nodes with weight 2 and f(z|d; > 2) is the
conditional PDF of weight w; assigned to node 7 given that
its degree d; > 2.

Proof: Assume that j and k # j are any two neighbors
of node ¢ (these neighbors exist since d; > 2). Further, assume
that w; is the random weight of node i and d; is its random
degree after the graph is built. Then, we can condition on
d; = d and expand E[v;|d; = d > 2] to become:

2 - . .
d(d—l)jZkP(T”k =1i < jiekdi=d>2). (23)

Since the summation in (23) is taken over all possible
triangles covering node 4, it contains exactly d(d—1)/2 terms.
Given that weights w; and w), are assigned randomly, each
of the triangles has the same probability of existence when
averaged over all possible weight assignments, which leads
to:

Elyild; = d > 2] = P(j < Kli < j,i < k,d; = d > 2).

Relaxing the condition on d; gives:

Elyild; > 2] =Y Elnild; = d > 2|P(d; = d|d; > 2)
d=2

Thus, E[y(G)] can be reduced to computing the probability
that triangle (ijk) exists, conditioned on the fact that j and k
are neighbors of ¢ and degree d; > 2.
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10, 000 iterations).

Finally, noticing that (24) can be obtained from E[y(x)] by
relaxing the condition w; = z and integrating over all possible
weights x given that d; > 2, we get:

Elvy|d; > 2] = /E

where f(z|d; > 2) is the conditional density of weight w;
of node i given that its degree d; > 2. Since E[y(G)] =
E[v;|d; > 2], we obtain (22). [ |

To solve (22), we need to derive f(z|d; > 2). From Bayes’
formula P(A|B) = P(B|A)P(A)/P(B), we get:
P(d; > 2w; = x) f(x)

P(d; > 2) ’

which can be easily computed knowing that the distribution
of d; is Poisson with mean w; = = [8]:
xke—m

k!

The last missing piece toward solving (22) is to develop a
formula for Efvy(x)].

f(z|d; > 2)dz,  (25)

f(zld; = 2) =

(26)

P(dl = k|wz :.1‘) =

27)

D. Weight-Specific Clustering

Recall that Ely(z)] = Elv|w; = x,d; > 2] is the
conditional expectation of ~; for a node with weight w; = x
and degree at least two. Expanding this metric by additionally
conditioning on weights of neighboring nodes j and k gives
the following lemma.

Lemma 3: The expected clustering of a node with weight
x is given by:

Ely(z)] = P2(@)’ (28)
where
// u, v)7(x, u)m(x,v) f(u)f(v)dudv,
¥(x) / (z, u) f (u)du, (29)

and f(u) is the PDF of weights.
Proof: Conditioning on the weights of j and k, we have:

// m(u,v) f(uli < j,w; = )

(v]i < k,w; = x)dudv. (30)

where f(uli < j,w; = z) and f(v|i < k,w; = z) are
respectively the conditional PDFs of the weights randomly
assigned to j and k. Note that we must use conditional PDFs
because weights w;, wy, are dependent® on the fact that w; = x
and node i is their neighbor.

To derive the integral in (30), we need the conditional
density functions of w; and wy, given that the weight of ¢ is
x. Define 7(z,u) = f(u|i «< j,w; = x). Then, using Bayes’
formula, we have:

P(i < j,w; = x)
PG jlwn = ;= u) (@) ()
P(i = jlw; = 2)f()
(o, u)f(w)
()
The last equality (31) comes from the fact that P(i < j|w; =
z,w; =u) = w(z,u). It also follows that:

€2V

P(i & jlw; =x) = /W(x,u)f(u)du = (x). (32)
Substituting (31) into (30), the result follows immediately. ®
To verify (28), we created 10,000 GED graphs with n =
1,000 in which one node always had weight w; = x and
examined its average clustering coefficient E[vy;|w; = x,d; >
2]. Simulation results are compared to (28) in Fig. 2, which
shows that model (28) matches simulations very accurately.

To obtain E[y(z)] in GED, we first need (), which can
be achieved by expanding the integral in (29).

Lemma 4: For a GED graph with power-law weights, the
probability that a link (i,7) exists given that w; = =z is
asymptotically:

z(1—o(1))

n

P(z) =

Proof: Substituting 7(z,u) into (29), we have:

Y(x) = /min(%, 1>f(u)du.

For z < %, the integral range in (34) can be divided into

two parts, [3, 2] and [2

(33)

(34)

,00], which leads to:

v = [T G [ sa 65
Expanding (35), we have:
_aBz Bz
@) = Ba=1 " Doa=1) (36)

Since D = nE[w;] = naf/(a—1) is sufficiently large, the
second term in (36) is negligible compared to the first term.
Therefore, we have:

T (a—1)>tzoty  2(l—o(1))
1[1(95) - E(l - na—loa ) - n ; (37)
which completes the proof. |

3For example, if w; is very small and link (i, 5) exists, there is a much
higher probability that weight w; is large compared to the case where we
knew nothing about wj.



The most difficult element in deriving E[y(x)] for GED is
to formulate the asymptotics of ¢(z), which we present in the
next three lemmas for three different cases of o.

Lemma 5: For a GED graph with power-law weights and
1 < a <2, ¢(x) is asymptotically:

© (z*n* 'logn) € [8,VD)
D

¢(z) _ © (Z'TLia) x € [\/7 ﬁ) (38)
S (n_l) T € [% 00)

Proof: See Appendix 1. |

Lemma 6: For a GED graph with power-law weights and
a =2, ¢(x) is asymptotically:

O(z*n">log?n) z € [B,VD)

D

b(z) = @(x?’n—?)) T E [\/5, E) . (39)
() S [%, 00)

Proof: See Appendix II. |

Lemma 7: For a GED graph with power-law weights and
a > 2, ¢(x) is asymptotically:

O(a™n™) w5,

P(z) = D . (40)
O(n™") =ze€ [E’ 00)

Proof: See Appendix III. |

E. Graph Clustering

Now, we are ready to derive an asymptotic formula for
E[v(G)]. Combining the results in (26)-(28), we can expand
the integral in (22).

Theorem 2: With a power-law distributed weight sequence,
the expected GED clustering is asymptotically:

O(n'"*logn) 1<a<?2
E(@)] =% ©(ntlog’n) a=2 , (4
O(nh) o> 2

where « is the shape parameter of the power-law distribution.
Proof: First recall from (22) and (26) that:

/E
;

where P(d; > 2) can be taken outside the integral since it
does not depend on z (in fact, it is a constant). From [8], d
is a Poisson variable with mean x, which leads to:

f(z|d; > 2)dx

Ely@)P(di > 2|w; = x) f(z)dx
P(d; > 2) ’

(42)

P(d; >2w; =2)=1—e" —xe ", (43)

The last and most time consuming piece of this theorem is
the expansion of F[y(x)], whose asymptotics can be obtained
by combining the results of ¢(x) and 1 (x) in the previous
lemmas. We split the integration range in (42) into three

intervals: [3,v/D), [vV'D, %), and [%,oo) and calculate each
integral separately. Denote by d1, 02, and 03 the values of these
three integrals, respectively.

We start with the case of 1 < a < 2. For z € [3,VD), we
can expand 07 as:

VD
Sp=c! /,8 &)1 —e ™ —xze ™) f(x)dx, 44)

where ¢ = P(d; > 2) and & (z) is the leading term in
E[y(z)]. Combining (33) and (38) with the fact that E[y(z)] =
¢(x)/v?(x), it follows that & (z) = © (n'~*logn), which is
a constant regardless of x. Substituting & () into (44), we get
the following asymptotic form for 6;:

VD
~ ! 1—e™® —xe ) f(x)dr
& /ﬁ ( /(@)

_&le—ol) _ giagopn).

(45)

Similarly, for z € [\/ﬁ D ), we have (38) that the leading
term &(z) in E[y(z)] is &2(z) = © (z7'n?*), which allows
us to derive do as follows:

m\

! / &(2)(1 - e~ — ze~®) f(z)da

n2=oct 1—e™ —ze ™) f(x)dx
/@ 1 ) /(@)

_o (nmw) |

For x € [2, 00), we have the leading term &3(x) in E[y(x)]
is &3(x) = ©(1/n) from (38), which leads to:

(53 :O(l/n)

Notice that E[y(G)] = 61402+ 33 and d; is asymptotically
larger than both d5 and d3, which gives the top line of (41).

For o = 2, the leading term & (x) in E[y(z)] for z €
[3,V/D) is again independent of z from (39), i.e., & (z) =
O(n~'log? n), which establishes that:

5 =0(n (48)

Notice from (39) that the leading term &2(x) in E[y(z)] for
z € [5,00) is &(x) = © (zn~'). We thus obtain a similar

result for do from (39):
Sy~ et /5 an~ (1 — e~ — ze~) f(x)dz = O (n_1'5) .
VD
(49)

It is easy to verify that 3 = O (n™!) according to (39),
from which we directly obtain the second line of (41).
For a > 2, we have from (40):

S1(z) =6b2(x) =O (n7'), d&3(x)=0(n7"),

which leads to the last line of (41) after discarding insignificant
term ds. [ |

We verified the model by constructing 10,000 GED graphs
with shape parameters o = 1.2 as well as o = 2 and extracting
the corresponding average clustering coefficients, which is
plotted in Fig. 3 along with the corresponding model (41). The

(46)

(47)

“Llog®n).

(50)
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Fig. 3. Model (41) and E[y(G)] in GED simulations. All cases use 10,000
iterations.

figures shows that the model provides an accurate prediction
of the asymptotic trend in clustering. Additional simulations
show that (41) is accurate for different shape parameters a.

The result in (41) not only proves that GED’s three-node
correlation decays to zero for all values of o > 1, but also
provides the exact asymptotic decay rates.

IV. GENERIC FRAMEWORK OF CORRELATION ANALYSIS

Notice that the results in (13), (22) do not specify 7 (z,y)
and thus can be used to derive the corresponding metric for
any degree-based model with a known function = (z,y). We
next develop a generic framework that allows us to reuse the
results derived from (13), (22) in application to PLRG, BA,
AB, and GLP.

Consider a graph algorithm A that constructs random graphs
G 4. Denote by m4(x,y) the probability of having a link
between any pair of nodes with weights =,y in graph G4,
where weights may be explicitly pre-assigned as in GED or
may represent the final degree of each node in the constructed
graph. We start with the following definition.

Definition 1: Consider two graph algorithms A and B that
operate with the same weight distribution F'(x). Define A to
be asymptotically m-equivalent to B if the following holds for
all x >0,y > 0:

crmp(z,y) <ma(z,y) < cump(z,y) (51)

where 0 < ¢, < 1 and ¢y > 1 are some constants independent
of x,y, or graph size n.

It is easy to verify that m-equivalence is both symmetric
and transitive, which we formulate in the next lemma without
proof.

Lemma 8: 1f A is m-equivalent to B, then B is m-equivalent
to A. If A is m-equivalent to B and B is m-equivalent to C,
then A is m-equivalent to C.

The next result follows after straightforward expansion of
upper/lower bounds on 7(x, y) in formulas derived earlier and
shows that asymptotic 7-equivalence leads to easy ways of
bounding the decay trend of two- and three-node correlation
in any graph algorithm.

Theorem 3: If algorithm A is m-equivalent to B, then

lim Elr(Ga)] E[y(Ga)]

Jim. 7E[T(GB)] lim ———%5 =c

A Gy o ©P

= Cp,

where constants c;, ¢, are bounded by:

3 3
C C
*LSCWS*U
Cy Cr,

cr <¢ Zcy, (53)

With the result in Theorem 3, the rest of the paper derives
bounds on 7(x,y) in PLRG, GLP, BA, and AB. Specifically,
we show that all of these methods can be reduced to GED
through m-equivalence and thus exhibit the same asymptotic
decay rate in E[r(G)] and E[y(G)] in GED.

V. PLRG

In what follows, we first give a formula for the link-
existence function 7(x,y) of PLRG and then study PLRG
under the framework developed in the previous section.

Recall that PLRG first pre-assigns a random weight w;
drawn from a power-law distribution to each node 7, generates
w; virtual copies of each node 7, and then uniformly matches
these virtual nodes to establish the actual links [1]. To make
sure that the resulting degree d; does not exceed the pre-
assigned weights w;, virtual nodes paired up during the process
are immediately removed from the system.

A. Derivation of 7(x,y)

To understand the statement of the following lemmas, define
M;; and L;; to be random variables that specify the number
of edges between nodes 7 and j with and without counting
duplicate links, respectively, at the end of the graph formation
process. It follows that:

1 M;>1
Lij{ 7= (54)

0 Mj;=0"
Let the node matching process in PLRG start at time 1 and
finish at time D (recall that D is twice the number of edges),
where the node chosen at time 2k — 1 is paired up with the
node chosen at time 2k. Denote by p;;(t) the probability of
forming a new edge between nodes ¢ and j at time ¢t. We
first show in the next lemma that p;;(¢) in PLRG does not
depend on time ¢ and then apply this result to deriving a more
interesting expression for E[L;;] = P(i < j) = m(w;, w;).
Lemma 9: The probability p;;(t) of forming a new link
between ¢ and j is independent of ¢:
2w,;wj

pij(t) = o

(55)
where D = >/ _, wy.

Proof: First, we examine how the number of virtual
copies w;(t) of node i decreases as a function of ¢. According
to the description of PLRG [1], w;(0) = w; and each copy at
time ¢ is chosen with probability p;(t) = w;(t)/(D — t). This
leads to a stochastic difference equation on w;(t):

-1 w.p. pi(t)
i(t) —wi(t—1) = . 56
wilt) - wilt — 1) {0 D
Applying continuum theory [3] to (56), we get:
ow;(t)  wy(t)
o — D—t 7
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Combining with the initial condition w;(0) = w;, where w;
is the initially assigned weight, it follows that:
w;

o

Noticing that matching operations only happen at instants
t =2k (for k =1,2...), we have p;;(2k — 1) = 0. At t = 2k,
a new link is created between i, 7 if both nodes 7 and j are

chosen during the two most-recent steps. It follows that for
t = 2k:

wilt) = (D — 1) (58)

D—t+1)(D—-t) (D—t+1)(D-1t)

which combined with (58) leads to (55). [ |
The result in (55) specifies the rate of accumulating links
between 7 and j and leads to the following result stating the
expectations of M;; and L;;.
Theorem 4: The expected number of links between ¢ and j
is given by:

pij(t) = ( (59)

WiW,
E[M;;] = 2
[ ]] D
Proof: Tt is straightforward to prove the result of E[M;;]

as follows:

E[Lij] =1—ewwi/P o (60)

D/2-1 .
E[Myl= Y pi(t) = ZDJ (61)
t=0

Next, we focus on F [Lij]. Similar to our earlier notation,
let L;;(t) indicate the existence of link (4, j) at time ¢ (i.e.,
L;;(t) = 1 if the link exists and 0 otherwise). Notice that
L;;(t) is by definition a Bernoulli random variable. Denote by
l;j(t) = E[L;;(t)] = P(L;; = 1) the expectation of L;;(t).
Then, notice that link (4, j) exists at time ¢ (i.e., L;;(t) = 1)
either because it already existed at time ¢t — 2 or because it
was added during step ¢. It follows that:

Lij(t) = Lij(t —2) + (1 — Lz (t — 2))pi; (2),

where p;;(t) is given in (55). Solving the difference equation
and setting ¢t = D, we get:

(62)

u;w.: \ D/2
w”“‘“) . (63)

D2
Since D is large, (60) follows immediately by approximat-
ing (1 — 2)* with e*" and omitting o(1) terms from the
exponent. |
To verify the correctness of (60), we constructed 30,000
graphs PLRG and computed the average M,; and L;; of all

E[Lij] = 1;(D)=1— (1 -
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Fig. 5. Simulations of PLRG (v = 1.2). All cases use 10, 000 iterations.

pairs of nodes that have the same weight products. Fig. 4 plots
E[M;;] and E[L;;] against the normalized weight product
w;w,; /D, indicating that model (60) follows the actual values
accurately.

Note that the distribution of L;; specifies the link-existence
probability function 7(z,y), which is formulated in the next
corollary.

Corollary 1: For PLRG, the link-existence probability
function 7(z,y) is given by:

—2y/D, (64)

Note that for zy/D =~ 0, PLRG is identical to GED.
However, as xy increases, the two algorithms exhibit diverging
link formation probabilities and thus produce graphs with
numerically different assortativity and clustering.

7T(.’L‘,y):1—€

B. Bounds on 7(x,y)

With the result in (64), we next show that PLRG’s correla-
tion decays to zero at the same rate as that in GED.
Theorem 5: PLRG is m-equivalent to GED.
Proof: 1t is easy to verify that for all z > 0,y > 0:

mpLrg(@,y) < min( 1), (65)

In addition, for all xz > 0,y > 0:
TrLra(@,y) = (1= 1/e)min(F, 1), (66)
Therefore, there exist ¢y = 1 and ¢, = 1 — 1/e that
guarantee wprrc(z,y) to be upper- and lower bounded by
cvrgep(x,y) and cpmaEp(z,y), respectively. [ ]

Corollary 2: As graph size n — oo, two- and three-node
correlation in PLRG decays to zero according to (15) and (41).

Fig. 5 plots the average degree correlation coefficients
obtained from simulations of 10,000 PLRG graphs with
a = 1.2 and indicates that the asymptotic models (15) and (41)
match the actual very well for PLRG. Numerous additional
simulations (omitted for brevity) have been conducted to verify
(15) and (41) for other values of o in PLRG.

VI. GLP

In the category of evolving models, we start with the most
general case of GLP and later reduce the obtained result
to BA and AB. Recall from [11] that at each time step ¢,
with probability p GLP adds m new links or with probability
1 — p joins a new node with m links. The way of selecting



existing nodes for building new links or attaching new nodes
is specified by the shifted preferential function p;(t):
d;(t) — A

i(t) = . (67)
pilt) = =5 0

where d;(t) is the degree of node 4 at time ¢, A < 1 is the shift
parameter fed into the algorithm, and D) (t) = :g (d(t)—

A) is the total shifted degree.

A. Derivation of 7(x,y)

In what follows, we assume that all nodes join the system
sequentially and that each node ¢ arrives at time ¢;. It has been
shown in [11] that degree d;(t) of node i follows:

at — b\
0= (5=5) m-n

(68)

where « is the shape of the Pareto degree distribution and b
is a constant:

_2m—\1-p)
— m(1+p)

mo/\

The total shifted degree D (t) at time ¢ in GLP graphs is
then given by:

Di(t) = 2mt — (mo + (1 — p)t)X = m(1 + p)(at — b). (70)

Now, consider two nodes ¢, j in the graph and suppose that
j joins after 4, i.e., t; < t;. Denote by M;;(t) the number
of duplicate links between 7 and j accumulated up to time ¢
and by L;;(t) the indicator variable that represents if any link
between i, j exists by time ¢:

(71)

Next, we apply similar technique as in PLRG to obtain
formulas for M;;(t) and L;;(t). Before doing so, we define
two auxiliary variables as follows. Denote by p;;(t) the
probability for nodes 7,7 to form a link at time ¢. It follows
from (67) that the probability p;;(¢;) upon arrival of node j
is given by:

di(t;) — A
ij(tj) = — 7~ (72)
Pialh) Di(t;)
while after ¢;, the probability p;;(t) is determined by:
d;(t) — X d;(t)— A

Di(t) D\(1)

Further denote by A;;(t) the number of links, counting dupli-
cates, created between ¢, ) at time t. It is straightforward to
show that A;;(¢) is binomial B(m,p;;(t)) and:

S=tj

Now, we can prove the next result for E[M;;(t)].

Theorem 6: Assume that ¢; < t;. For o # 2, the expected
number of duplicated links between 7 and j in GLP is given
by:

2 (1 + eald;(t) — N)*7?),

Dy (t)
(75)
where ¢; and ¢y are constants:
2p mA
f— — = . 76
CCeoairy T e-am-ne 7

For a = 2, the expected value of M;;(t) is:
— A)(d;(t) =)

B (1) = O (cs + calog(d, (1) — ).

D (t)
(77
where c3 and ¢4 are constants:
m 4plog(m — \) 4p
= =—. 78
€= 1ty “T 11y (78)
Proof: For simplicity, define the following variables:
V; = (O[ti — b)l/a, v; = (atj — b)l/a. (79)
It then follows from (73) that p;;(t) is given by:
2p(m — N2 (at — b)2/2—2
pij(t) = 2( )2 ( ) (80)
m2(1+ p) ViVj

Denote by z;;(t) = E[M;;(t)] the expectation of M;;(t).
Taking expectation on both sides of (74), we obtain the
following difference equation:

2ij(t) — zi5(t — 1) = E[A;(t)] = mpi; (1), (31)
with the initial condition from (72):
m(m — ANy,
iglty) = A (82

myv§(1+p)

Applying continuum theory to (81) and solving the differ-
ential equation

0zi5(t) _ 2mp(m — \)? (at — b)?/*=2
at - mp’b] (t) - m2(1 + p)g ViVj ’ (83)
we establish that:
Zij (t) = C(t) + Co, (84)

where c¢(t) and ¢ are determined for two cases of « as follows.
For o # 2, we solve (83) to establish that:

2mp(m — \)? (at — b)?/*~1

t) = 85
c(t) m2(1+ p)%vv; 2-a (83)
Note that from initial condition ¢y = z;;(t;) — c(t;), it
follows that:
_ m(m— Ny, 2mp(m — )\)21/?70‘
0= myiv$(1+p)  m2(1+p)?(2 — )y,
Al

_ mA(1 + p) (86)

 m2(1+p)2(2— a)yiV;“l .



For a = 2, ¢(t) and ¢ become:

~ 2mp(m — \)?log(at — b)

O= "oy, @
and
_ m(m—MNv;  2mp(m — \)?log(at; —b)
0= my;v3 (1 + p) B m2(1 + p)?v;v;
_ m(1+ p)(m —\) — 2p(m — X)?log(at; — b). (88)

m2(1+4p)%(2 — a)vv;

The last step is to replace v;,v; with d;(t),d;(t), Da(t)
in (85)-(86). Combining with (68)-(70), we rewrite (79) to
express v;, v; using d;(t), d;(t), Da(t):

 om=X [ Dy V"
%_%Mﬂ—A<mO+m> ’
L m—A Dy(t) \'*
”‘@@)A(ma+m) | (89

We also express terms ot — b and at; — b with d;(t), d;(t),
and D) (t) using (68)-(70) as follows:

D - D
m(1+p) di(t)—X) m(l+p)
(90)
Combining (85)-(90) gives the desired result. [ |

Now, it remains to derive L;;(t), which we perform in the
next theorem.

Theorem 7: In a GLP graph, L;;(t) is asymptotically
Bernoulli with expectation:

E[L;;(t)] = 1 — e FMu ] 91)

Proof: Denoting by [;;(t) = E[L;;(t)] the expectation of
L;;(t). Following the same reasoning as in Theorem 4, we
have:

Lijt) =Lt —1)+ (1 —1;(t—1))P(A;;(t) > 1). (92)

Noticing that A;;(¢) is Binomial(m, p;;(t)), we have:

P(Ai(t) 2 1) =1- (1 —pz‘j(t)) = mpi;(t)(1 + o(1)),
93)
where the second equality comes from the fact that p;;(t) is
sufficiently small as n — oco. Note that we omit all o(1) terms
in the remainder of this proof. It follows from (83) that:

(‘3lij (t) 621 (t)
——— = (1 —-1;;(¢ 1, 94
with the initial condition
Lij(ty) = 1— e mPult) = 1 — g7l (95)
from which we solve for [;;(t) to establish (91). [ |
To verify models (77) and (91), we generated a GLP
graph with 10° nodes using parameters mo = 2,m =

1.13,p = 0.4695, A = 0.6. We fixed ¢« = 1 and uniformly
randomly select node j from the rest nodes and computed
the average number of duplicate/non-duplicate links. Fig. 6
plots the obtained E[M;;(t)] and E[L;;(t)] against d; from
the simulations along with the model values. The figure shows
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Fig. 6. Simulations of GLP (o = 1.2). All cases use 10,000 iterations.
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Fig. 7. Simulations of GLP (av = 1.2). All cases use 10, 000 iterations.

that models (77) and (91) follow the simulation results pretty
accurately.

Notice that the result in (91) assumes that node j arrives
after <. However, for any pair of randomly chosen nodes 1, j,
their join times satisfy P(¢; < t;) = P(t; > t;) = 1/2. Fur-
ther note that we set the weight of each node ¢ to be its shifted
degree, i.e., w; = d; — A. This leads to the weight distribution
F(x) being the same Pareto distribution 1 — (x/5)~% as in
GED and allows application of m-equivalence later.

Corollary 3: In GLP with o # 2, link-existence probability
m(x,y) is given by:

m(r,y)=1—-1/2 exp(—% <61 + 02;130‘72))

—1/2 exp(—%(cl n c2ya—2)), (96)
and for o = 2:
m(z,y)=1-— 1/2exp<—%(03 +e 10gx)>
—1/Qexp(—%(03+04logy>>, 97)

where x,y are node weights, D is the total weight, c;, co are
given in (76), and c3, cy are in (78).

B. Bounds on mw(x,y)

Now we use simple exponential functions to bound 7(z, y).
In the next lemma, we only show the results for the case of
A >0 (ie., 1 < a < 2). However, the following results also
hold for A < 0 after reversing the direction of each inequality.

Lemma 10: In GLP with A > 0, the link-existence proba-
bility function 7(x,y) is bounded as follows:

Ty

1 exp(—%) <m(z,y) <1- exp(—%—D), 98)
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where c5, cg are constants:
1

cs = , Cg= — 99)
mA(1+
1 <p+ 2(77(L—)\p))) “ap
Proof: Noticing in (96):
a2 _mAL4p) @ N2 _mA(l+p)
ar = 2(m — M) (mf)\) ~ 2(m—)\)’ (100)

the upper bound on 7(z,y) is thus given by:

m(z,y) <1 —exp (—c1 (p+ W) ”g’) . (101)

Further recall that Dy = (1 — A/E[d;])D, which leads to
the upper bound in (98).

Considering that A > 0, we have 1 < a < 2 and thus
cp > 0,co > 0. It follows that a natural lower bound on
m(x,y) is given by:

w(2,y) = 1—exp (—ep ). (102)
which establishes the lower bound in (98). [ |

The following results show that we can infer the asymptotics
of E[r(G)] and E[y(G)] of GLP from those of PLRG and,
through transitivity, those of GED.

Theorem 8: GLP is m-equivalent to PLRG.

Proof: Notice that g p(x,y) is bounded by the expo-
nential functions shown in (98). It is easy to verify that c5 < 1
and cg < 1 for A > 0. It follows that:

1_eXp(_%) Zl—exp(—%), (103)
and
1- exp(—c%) < 1/05(1 - exp(—%)). (104)

Therefore, setting ¢, = 1, cy = 1/c5, we get the desired
result. |

Corollary 4: As graph size n — oo, two- and three-node
correlation in GLP decays to zero according to (15) and (41).

Again, we verify Corollary 4 by constructing 10,000 GLP
graphs and extracting r(G) and v(G). We plot in Fig. 7 the
values from simulations as well as from models (15) and (41).
The figure displays that the model curves follow the actual
values very accurately.

It is interesting to note that while GLP has significantly
higher clustering than GED/PLRG according to [11], [51], the
results in Corollary 4 for the first time analytically show that
GLP is asymptotically the same as GED/PLRG in the limit of
large n.

C. Application to BA and AB

Note that BA is a special case of GLP with p = 0 and
A = 0, from which it follows that « = 2 and b = 0. Notice
that (96) does not admit o« = 2 since ¢; = co. We repeat the
derivation of (77)-(91) with « = 2,p = 0, and A = 0 to yield
the following results.

Theorem 9: The link existence probability 7(z,y) in BA is
identical to that of PLRG given in (64).

Proof: Notice that the rate of increase in z;;(t) is just
zero since in BA p;;(t) = 0 for ¢t > t;. Therefore, solving
the differential equation (83) with the initial condition (82)
establishes that:

m_ di(t)d;(t)

Z]() ’ZJ(J) Vil/j D(t) ( )
Applying the same reasoning as in the proof of Theorem 7,
we obtain the same 7(u,v) for BA as in PLRG [ |

Corollary 5: BA is m-equivalent to PLRG and the following
asymptotic decay rates hold for BA: E[r(G)] = ©(n~'log®n)
and E[y(G)] = O(n~'log®n).

Considering that AB without edge rewiring is just another
special case of GLP, we get the following results by setting
A= —11in (98).

Corollary 6: AB (without rewiring) is m-equivalent to
PLRG and its correlation satisfies (15), (41) as n — oo.

Not surprisingly, both BA and AB have decaying assorta-
tivity and clustering, just as GLP. Simulation results of BA
and AB are given in Fig. 8-9, which show that the asymptotic
degree correlation in BA and AB graphs can be accurately
predicted using (15), (41).

VII. DISCUSSION

In this section, we compare the evolution of degree correla-
tion given in (15), (41) to that of the Internet AS-level struc-
ture. We specifically focus on the subgraphs of the Internet
induced by provider-customer links, which have been shown
in [21] to exhibit a power-law degree distribution. According
to [21], the combination of BGP routing tables from [40], [41]
provides a reasonably complete view of the provider-customer
links in the Internet.

We first obtain more than 300 snapshots of the Internet
topology from BGP routing tables [40], [41], which cover the
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Fig. 10. Comparison of degree-based and link-based models to the Internet.
All markers are obtained from asymptotic models (15), (41) in (a) and from
simulations in (b). Arrows indicate the trends in corresponding curves.

last 7 years as the size of the Internet has increased from 4, 000
to 23, 000 nodes. We then extract degree correlation from these
snapshots and plot them in Fig. 10 with 7(G) on the z-axis
and (G) on the y-axis. The figure indicates that both degree
correlation coefficients of the Internet, shown as dots inside a
small dashed rectangle, do not significantly change over the
years, which is consistent with observations in [51].

We also plot in Fig. 10(a) the corresponding metrics
computed from (15) and (41) for the studied degree-based
algorithms with graph size ranging from 102 to 107. The
figure shows that for small graph sizes, degree correlation of
GLP/GED/PLRG is close to that of the Internet; however, all
studied degree-based models converge both assortativity and
clustering to zero as system size increases. This contradicts
the behavior of these metrics in real networks and suggests
that attachment decisions of users in small-world graphs may
be based on additional factors besides the degree of potential
neighbors.

To support this conjecture, we next study three link-
based graph algorithms: Small-World Topologies (SWT) [24],
Heuristically Optimized Trade-offs (HOT) [18], and Wealth-
based Internet Topology (WIT) [51]. Recall that SWT forms
p percent of links using geographic preference and creates
the rest of the links using random pairing as in PLRG; HOT
models each attachment decision as an optimization problem
with the goal of minimizing both the geographical length of
potential links and the average number of hops to other nodes
in the graph; and WIT adjusts the number of links based on
an underlying stochastic wealth process and selects neighbors
based on random walks.

We configure SWT/HOT/WIT in simulations to produce
power-law degree distributions that are the similar to those

observed in the Internet. In SWT, we set p = 0.31 as in
[24]; in HOT, we add two new links to each new node as
in [51]; for WIT, we used the parameters of [51]. For each
of these three algorithms, we construct 10,000 graphs with n
increasing from 103 to 107 and extract the averaged degree
correlation.

Observe from Fig. 10(b) that SWT exhibits decreasing
r(G) and v(G) and displays a similar trend as degree-based
algorithms, which can be explained by the fact that SWT
contains PLRG-like random pairing. In contrast, notice that
HOT increases its clustering coefficient as the graph becomes
more disassortative, an opposite trend to that of degree-
based methods. Both approaches, however, exhibit much less
sensitivity to increasing n than degree-based generators and
reach a saturation point as n — oo, which closely replicates
the qualitative behavior of the Internet. Finally, r(G) and
~v(G) of WIT graphs stabilize around those of the Internet,
even reaching and staying inside the dashed rectangle for
n > 50, 000.

These results show the significant difference between
degree-based and link-based methods, as well as underline
the importance of modeling higher-order degree correlation
in constructed graphs.

VIII. CONCLUSION

In this paper, we examined several degree-based topology
generators and derived the asymptotic shape of their assortativ-
ity and clustering as n — oo. We found that all studied degree-
based generators were virtually uncorrelated for sufficiently
large graph size. Our simulations also showed that link-based
algorithms [18], [24], [S1], which grew the system based
on the structure of the current graph rather than just the
degree, were much more capable of keeping two and three-
node correlation close to time-invariant.

Future work involves analysis of link-based methods and
impact of higher-order degree correlation on graph structure.
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APPENDIX |
PROOF OF LEMMA 5

Proof: In what follows, we first divide the double integral
in ¢(x) into three simple components and reduce them to
single-integrals, then derive these single integrals for different
regions of x, and finally identify asymptotically significant
terms to prove this theorem.

A. Decomposing ¢(z)

We split function ¢(z) into three integrals:

o) = /f /: U (e ), ) ) (o)
*/j /; el wpr(, 0) () f () dod
+/; /: (@, v)f(u)f(v)dvdu, (106)

which we call ¢ (z), p2(x), P3(x), respectively. We next
derive each of them separately.

Since we are only interested in the asymptotics of ¢(z),
we next identify the dominant terms in ¢;(x) and then choose
the most significant one for predicting ¢(x) in the limit of
graph size n. For the rest of the paper, we denote by 6;(x)
the leading term in ¢;(z) and by 6(z) the one in ¢(z).

1) Deriving ¢1(x): We first formulate the integral associ-
ated with variable v and reduce the double integral to a single



integral. For ¢1 , we have:

”U’U
77T.13U

/ —m(z,u) u)/? vm(z,v) f(v)dvdu. (107)
B

To simply ¢;(x) and focus on the inner integral with v, we
define g(u) to be:

m(z,v) f(u)f(v)dvdu

g(u) = H(w,w)f (u), (108)
and then reduce ¢;(z) to:
1(x) = /ﬁﬁ g(u) /ﬁu vr(z,v) f(v)dvdu. (109)

Further breaking down the outside integral of ¢ (z) into the
following two parts: ¢11(x) and ¢12(x) for [z, %] and [3, z],
respectively. Now, (;51( ) = (;511( ) + ¢12(x) with:

[ [

b () = /ﬁ 9(u) /B vz, v) f(v)dvdu,

which we will solve next.
We first examine ¢11(x), for which z < u and v < %. It

P11 (x (v)dvdu,

(110)

(111)

follows that va < D and 7(z,v) = min (%,1) = %%, which
establishes that:
D D
B u U
o11(x) = / g(u) —f( Ydvdu. (112)
z B

Substituting f(v) = af*v =21 into (112) and solving the
inside integral, we get the following equality:

e = AR

xaF? 5
+ m/ﬂ g(u)du (113)

To simplify ¢, define by (x) and bs(x) to be:

D D
i) = [ gl du, ()= [ gwin, a14)
from which ¢1; becomes:

ra e xaF?
o11(2) = s, Y S
D 1(2 - q) D2 —a)
We defer the derivations of by («) and by () to the later part
of this proof and proceed to formulate ¢12(x). We split the
inner integral in ¢12(x) into two parts for v < % and v > %,
respectively. It follows that:

D

P12(x) = /; g(u) /ﬂz v (x,v) f(v)dvdu

b (z) + bo(x). (115)

+ /: g(u) /DT vr(z,v) f(v)dvdu. (116)

x

Since 7(x,v) can be determined separately for the two terms

in ¢12(x):

v - D
Sk
n(z,v)={ P X (117)
1 v > —
x
it follows that:
T L 2
$12(2) =/ g(U)/ %f(v)dvdu
B B
+/ g(u)/u vf (v)dvdu. (118)
8 D

x

Solving the inside integral of (118), we obtain:
raf”

p12(w) = /[:g(u)D(Qa) ((5)2_(1 - 52_a> du
e ((2)) )

- (( Ry (D> - szaﬁa)> [, stwan
+ 5 l_a/ﬁg u* du. (119)

For simplicity, define bs(x) and bs(z) to be:

bs(x) = /;g(u)du, by(z) = /: g(u)u®tdu, (120)

from which it follows that:

C(esr (DY _aed )
b12(x) = ((2—@)(1—60 (x) D(Q—a)>b3( )
af®
+ m@(@- (121)

Again, we leave the derivations of b3(z) and by(x) to the next
subsection and next examine ¢o(x).

2) Deriving ¢2(x): Using a similar method as before, we
obtain the following formula for ¢o(x):

() = /ﬁ ’ /; (o, w)m(z,0) £ () f (0)dvd

_ /@ % ) () /; (e, 0) f(0)dvdu.  (122)
Again, we define h(u) to be:
h(w) = (@, u) £ (1), (123)
and reduce ¢(z) to become:
2 -
ba () = /ﬁ h(u) /E (o) f)dvdu.  (124)

Notice that we need the exact forms of function =(.,.)
to solve the double integral. Therefore, we further split the



integral into the following three parts, ¢o1 (), do2(x), P23 (),
respectively, where 7(.,.) can be easily determined:

Pa2(z) = /; h(w) /DDO 7(z,v) f(v)dvdu

u
D

+ /j; h(u) /2; 7(z,v) f(v)dvdu

u

" /zg lw) /; (2,v) f (v)dvdu.

(125)

Noticing that x > v and v > = D in ¢21(x), we thus establish
that 7(z,v) = 1 and reduce ¢21 ) to:

Solving the inside integral in ¢21(x) establishes that:
¢21(x / h(u < ) du
= Da /ﬁ h(uw)u®du. (127)
Defining bs(x) to be:
x) = / h(u)u®du, (128)
B8
we obtain the following equality:
Ba
¢21( ) Do b5(3§‘) (129)

Now, we start to examine ¢a2(z). Since v < %, we have
7(x,v) = % and thus ¢22(x) becomes:

G )—/F nw) [ f(w)dudu

/ h(u mﬁ / v *dvdu.

Solving the inside integral in ¢o2(xz) gives:
raf®

oute)= [Ty <<D> il (D)> "

e 7
_mL h(u)du

raf”

D
= 7 a—1
Do 70[)/2c h(u)u®~"du.
Define bg(x) and b7(x) to be:

(130)

(131)

from which @95 () becomes:
%%

¢22 (x) = m

be () —

Next, we tackle the last element in computing ¢o(x).
Consider that for v < £, we have 7(z,v) = 1 in ¢g3(2).
Therefore, it is easy to Verify that:

P23(x) / / f(v)dvdu. (134)
Solving the inside integral of ¢o3(x) leads to:
7 D\«
tos(z) = /[ h(u)B* (x) du
oo /z h(u)du = D bo(z),  (135)

where bg(z) is given in (132).

3) Deriving ¢3(x): Tt is fairly straightforward to derive
¢3(x) by first deriving the integral associated with variable
u:

O[ﬂQa > o, —a—1
¢3(x) = m(x,v)af dv. (136)
D> /s
Further splitting the integral in ¢3(z) into [3, 2] and [2, c0)
establishes:
2 3o 2 3o ee}
ﬁ / —Oc 1 6 / —a—1
¢3(x) = D dv + e v dv
_ xOLZﬂBa 9 e 6170‘
- Dotl(1 —q) x

a63a D —
— . 137
+2(2) (137)
With the above results, we are ready to expand ¢(z) for its
asymptotic formula.

B. Assembling ¢(x) for x € [3,v/D) and a € (1,2)

In what follows, we first derive by(z)-b7(z) and then
develop the asymptotic form of ¢(x) by identifying significant
terms in ¢1(x)-¢s3(x).

1) Deriving b;(x): Next, we expand the integrals {b;(z)}
for i =1...7 with z € [8,v/D) and a < 2.

Since = € [3,V/D), it follows that z is smaller than £

and thus the interval [z, %) could be split into two parts:

[z, 2) and [2, B) where 7(x,u) = 2 and 1, respectively.

Therefore, we replace the correspondlng values of 7(z,u) in
b1 (zx) to establish:

% u a—2
i) = [ prle ) (wut
D
=/ ﬁ u®” 2du+/ Ju®?du
:mﬁa/D‘ aB* / u2du.
A D Jo

Further expanding the integral in b, (z) leads to:

_ zab” ap® (B =

b (z) = 2 (logD —2logx) — o) (D D)

$Otﬂa ﬁa+1 .Z‘Ozﬂa
=D (logD —2logz) — D2 + D (138)



Similarly, we split the integral in bo(x) as for by(z) and
obtain the following formula:

D

f(u)du + /QF %f(u)du

)

‘ 8

x

D
o
= % ul " %du +

%
/ uw” “du.  (139)
Q

Further solving the integral in bs(x), we establish that:

af®
D

x

a D 2—«
)= s ((2) )
+ aﬂa (ﬂafl o 1,0471)
D(1—a)
B xozfloéﬁa x?)faaﬂa
T De(2-a) D2(2-a)
N 0162(171 xaflaﬁa (140)

De(1—a) Do(1-a)

It is straightforward to derive bs(x)-b5(x) in that for their
integral ranges [, z], link existence function 7(z,u) equals
to 5. It follows that:

T uzu

bo(x) = /ﬁ ) fu)du = [ 5% S

zafB® [*
= i / u T du
B

D2
P raf?
T D22-0a) D2(2—a) (141)

by(x) = /z E7r(x,u)f(u)uo“*ldu

s D
_ [ BT e
=, DDf(u)u du

«a 2 «a a+1

:%(x—ﬁ):wgf —mgQ . (142

bs(z) = /; m(z,u) f(u)u“du = /: %f(u)u“du

raB* 2?afB*  zapetl
= - pB) = — 14
D (x—B) D D (143)
The derivations of bg(z) and b7(x) are similar to that of

b1 () and require to split the integral range [z, %] into [z, 2]
and [2, %] For bg(z), we substitute the corresponding values
of m(x,u) into bg(x) and obtain the following equality:

D

bg(x) = /F m(x,u)f(u)du

D

_ /; gglf(u)dqu/f f(w)du

D D
_ zof / u’o‘dquaﬂo‘/ u du.  (144)
D - D

x

Further expanding the integral in bg(x) establishes:
raf¢

o ((2) )
(E)-®))

be(r) =

_ xaaﬂa 3 :E27a0zﬂa @ B Iaﬂa' (145)
D¥(l1-—a) D(1l-«) Do D«
Similarly, we obtain b7(z) as follows:
%
br(x) :/ (e, u) f(uw)u* tdu
= ﬂf(u)uo‘fldu + / fw)u* tdu
» D P
D D
= zaf / ufldquaﬂa/ﬁ u2du
D . D
« _ (¢4 —
_ 0" (ogD ~2Noge)  aBE=0) 4

With the results of by (x)-b7(x) in (138)-(146), we are ready
to derive ¢ (z)-¢3(x), which we will perform in what follows.

2) Deriving ¢;(x): First, we focus on ¢1(x). Substituting
(138)-(140) into ¢11(x) in (115), it follows that:

¢11(.’E) = Da;rfzg_ a) <x%€ (logD — 210g 1')
ﬁa—&-l 5@
_aDz + $%2 >
xozﬂ2 xa—laﬂa xS—aaﬂa
tDe—a) (Da@ o) D2—-a)
aﬂ%"l l,aflaﬁoz

+Da(1 —a) Do(1- a)) 4D

and (141)-(142), ¢12(z) in (121) reduces to:

(e (B aa | s — o
Pr2(z) = 2-a)(l—-a) D@2-a) D%(2 - a)
ap®  a%af —zapt!
b _ , (148)

Then, it follows from (147) and (148) that ¢ (z) becomes:

$1(z) = ¢11(x) + d12()

2202 320 za2 3o+
=——(logD — 21 -
Dori2 —a) 8 %8T) = Patiz—a)
anQﬂQO‘ .1‘0‘()(260‘+2 x4—aa2ﬂa+2
T D2 —a) T D2 _a)P  D2-af
N xaQﬁQO‘H xaa2ﬁa+2
Dotl(2—a)(1—a) Dt (2-—a)(l-a)
m2a262a N x(xa2ﬁoz+2
Dotl(2 —a)2(1—a) Dt (2—a)?(1 —a)
d—a 2 ga+2 2,204
A e (149)
D3(2—-a)2  D32-a)?



Next, we start to derive ¢o(z). Substituting (143) into
$21(z) in (129), it follows that:

¢ ( ) 604 .’E2Oé,6a B (EOZﬁaJrl
2 D\ D D
T 0452@ xaﬁQa—i—l
= Da+1 - DaJrl (150)

Similarly, the following equations holds for ¢oo(x) by substi-
tuting (145)-(146) into (133):

¢ (x) o aﬂa xaaﬁa B m2—aaﬁa
YT Dal—a) \D*(1—a) D(1-a)
+ﬁ2a _ x(xﬁa B xaﬁa
De De(1— a)
" zafB*(log D — 2log z) + af*(x — B)
D
_ x2aa2ﬁ2a B 2042ﬁ2a N xaaﬁfia
- D22(1—q)?2 Dotl(l—a)?2  D2(1—aq)
B r2aB%e B 2a2p3%*(log D — 2log )
D?(1 — ) Dotl(1 — )
za® 3 (x — )
T D1 —a) (3
and for ¢o3(x) by combining (135) and (145):
7 xaﬁa xaaﬁa 1.27(10[6(1 6201 xaﬁa
¢2(2) = g (Da(1 o) Dl-a) " De D
_ w2aa62a B x2aﬁ2a
- D2(1—a) Dotl(1-aq)
xaﬁSa x2a52a
T (152)
It follows from (150)-(152) that ¢o(z) is given by:
P2(x) = d21(2) + P22(x) + P23()
m2aﬁ2a l‘Oéﬁon_l mQaa2ﬁ2a
= "patl T T patl D22(1 — q)?
B 2a252a N xaaﬂ?ﬂx B x2aa62a
Dotl(1— )2  D?*?(1—-a) D?2*(1-a)
B 2a2p3%*(log D — 2log ) B ra? 3 (x — f3)
Dotl(1 — ) Dotl(1 — )
N x2aa62a B x2a/82a
D2(1—a) DoF(l—a)
xaﬁBa x2a52a
+ D2 T poa (153)

The integral in ¢3(z) is straightforward and can be simpli-
fied as:

maaﬂSa
D2(1—a)

xa2ﬁ2a+l
DoH(1—a)

¢3(z) = (154)

Combining ¢, (z)-¢3(x), we obtain the exact formula for
¢(x). Notice that the final expression of ¢(x) will contain
more than 20 summation items, which is not suitable for
further asymptotic analysis. It is thus more desirable to omit
those non-significant terms from ¢(x), which will be carried
out in what follows.

3) Identifying Significant Terms: Since we only consider in
this proof that o € (1,2), we thus can compare the relative
significance of summation terms in ¢(x) and establish that the
leading terms in ¢ (), ¢2(x), and ¢3(x) are given by:

01 (x) = 20232 log D 0o () = z2a?3%*1log D
W= patig—q) 7 W T Datia_1)"
xa252a+1

Notice that 61 () and 0 () have the same asymptotic trends
and dominate in ¢(x). Therefore, the leading term 6(z) in ¢(z)
is as follows:

20232 log D

=0 0 = .
1($)+ 2(‘1:) Da+1(2—a)(a—1)

Further considering that D is the total expected degrees of the

graph, i.e., D = nE[d] = naf/(a — 1), we reduce 6(z) to:
O(z) =0 (a:zn_o‘_l log n) , (157)

which establishes the first line in (38).

0(z) (156)

C. Assembling ¢(x) for x € [V/D, %) and o € (1,2)

1) Deriving b;(x): We first consider the integral range
[z, ﬁ] of by(x) and by(z). For = € [VD, ﬁ) it follows that

z is no less than £, which establishes that 7(z,u) = 1 for
u € [z, %] Therefore, by (x) and b (z) become:
D
B aﬂa 5 s B aﬁa+1 aﬁa
bi(z) = D /l u” “du = o8 + D (158)
Ozﬁo‘ 2 aﬁZa—l aﬁaxl—a
bo(r) = / wdu - .
D J, D”‘(l —a) Dl-oa)
(159)

Now, we examine the integral range [, x| of bs(x)-bs(x)
Noticing that x is no greater than % one thus may split the
interval [3,z] into [8, 2] and [2 2], where m(z,u) = %%
and 1, respectively. Therefore, we can replace 7 (z,u) with
its corresponding values in b3(z)-bs(z) and then solve the

integral. For b3(z), we obtain that:

by(x) = ;ﬁﬂf )du +/
B
_zaf” B af® -
= 53 /,3 D /f du.  (160)

Further expanding the integral in bs(x) results in:
ra e

Di2 ) ((f H‘W)
i (-(0))

bg(l‘) =

_ x(x—laﬁa B xaﬁ2
- D2—a)(a—1) D2(2-a)
xlfaaﬁa
+ Di—a) (161)



For by(z), we establish that:

D xT
U ITU u
i) = [ 5 e s [ et
B8 2
af®  zap*tt  apB*(2logx — log D)
_ ot .62
5 o+ e (162)

Similarly, we obtain bs(z) as follows:

bs(x) = ; %f(u)uadu + /; fwudu
_xap® (D o
=5 (x—ﬂ>+aﬁ (2logz —log D)

rafot!

=af*2logz+1—1log D) — (163)

The derivations of bg(x) and b7(x) are similar to that of b, ()

as follows:
2 «
/ flu Qﬁ_@@ (164)
X

and

_ /F Fluyu®du = af*! — “Tﬂa (165)

2) Deriving ¢;(x): Now, we are ready to derive ¢(x) with
the results of by (z)-b7(x) and start with ¢ (x) in what follows.
Substituting by (z) and ba(z) in (158)-(159) into ¢11(z) in
(115), it follows that:

« a—+1 «
oo s ()
CEO&ﬂQ a62a71 ab’”‘ .
"D (Da(1 “o) Dl-a" )
$Oé2ﬁ2a+1 a2/82o¢
= D2 —a)  D'2—a)
xa252a+1 x27aa2ﬂa+2

+

Dotl(2—a)1—a) D2(2—a)1—a)

(166)

Combining (161)-(162) with (121), we obtain ¢12(x) as fol-
lows:

_xa—laﬁa xaﬁz
p12(x) = (Da1(2 —a)(1—a) D(2- a))

% 1Oéﬂa xaﬂQ
8 (_Da(z “a)l-a) D22—a)
xlfaaﬂa aﬂa aﬁa
+17(1—04)> T ( D
raftt  ap*(2logz —log D)
- e ) (167)

Further simplifying ¢15(xz) establishes that:

x2(x—2aﬁ2a aa2ﬁo{+2
d12(2) = DZ12 - a)2(l—a) | D2 —a)’(l—a)
a262a xo‘a2ﬁo‘+2
T D@ a)1_a? D2 a)(l-a)
20z2ﬂ4 x270‘0425a+2 0[2ﬁ2a
TDe_a? DEC-a(l-a)  Dil-a)
za?B2etl a252a(10gD —2logz)
© Dotl(1 —q) Do(1 - a) '

(168)

Next, we examine ¢ (). It follows from (163) that ¢o ()
is given by:

ﬁa N £L'Ckﬂa+1
¢21($):ﬁ af*(2logz +1 —log D) — D
af?*(2logz + 1 —logD zap?et!
_ B gDa gD) DﬁaH (169)

Replacing bg(x) and b7(x) with the results of (164)-(165) in
¢a2(x), we establish that:

e} o Q2 a—+1
Paz(z) = Da((ylﬂ_ 3 (IEDﬂa _pe xaf) n aﬂ&)
B xaaﬁSQ 1’(12ﬁ2a+1 a/BZoz
T D2(1—a) Dotl(1-a) Do (170)
Substituting (164) into ¢o3(x) in (135) gives:
a Qo 2a a a Q3a 2
P23(7) = xD/i (%a - §a> = nga - %—a. (171)

The result of ¢3(x) for = € [V/D, 2) is the same as for = €
[3,V/D) and is given in (154).

3) Identifying Significant Items: From (166)-(171), it fol-
lows that the leading terms in ¢1(x), ¢2(z), and ¢s(x) are
given by:

=

_ 2.’)3(¥052ﬁa+2 _ xaQﬁQ"‘_l
01(37) - Da+1(2 — O[)2(1 — 04)7 92(1’) - m7
- xa2ﬂ2a+1

From the fact that o« < 2 and x > \/E, it is straightforward
to verify that only 6(x) is dominant in 6(x) and we get:

ra? G2l
z)= ——— =0 @ 173
()= pag—p =0 ) (173)
from which the second line in (38) holds.
D. Assembling ¢(z) for x € [ﬂ’ o0) and o € (1,2)
Last, consider the case of z > £, from which we have
m(x,u) = 1 and w(x,v) = 1. Therefore, we replace all

appearances of 7(x, u) and 7(x, v) in ¢(x) with 1 and directly
derive the double integral. For ¢4 (z), its inner integral has



range [3, 2], which gives m(u,v) =
is given by:

A _
:/ﬁ D(Ol‘_a)uf(u)«f) —61_a>du

5. It follows that ¢ ()

v)dudv

a?3%**(log D — 2log f3) a?p?e
Do(1 - «) - Do(1—a)?
a?/@Q
+ DA —a) (174)

For ¢(z), its inner integral has range [2,00), which gives
m(u,v) = 1. It follows that ¢o(z) is given by:

o= [F [ s 2% fF

af?**(log D — 2log ﬁ)

= D (175)
For ¢3(z), since the outside integral has u > %, we thus
obtain 7(u,v) = 1 for any v, which leads to:
/ / flu dvduf Da / flv
2a
= BD—Q (176)

Combining the fact that o > 1, it thus is easy to verify that
the leading terms in ¢ (), ¢2(x), and ¢3(x) are given by:

B 04262 5204 IOgD
01(x) = D —a)’ O2(x) = ~pa
_ 52(1

Since « > 1, it thus follows that 61 (x) is dominant and:

Oé2ﬁ2 1
=__"7 = - 1
f(z) D —a) O (n), (178)
which leads to the third line in (38). [ |

APPENDIX II
PROOF OF LEMMA 6

Proof: Following the same reasoning as in the proof of
Lemma 5, we identify the leading terms in ¢;(x) for various
ranges of x.

A. Decomposing ¢(x)

Note that all expressions for ¢2(z) and ¢3(x) are the same
as in @ < 2. We only need to derive ¢;(x) for « = 2. For
¢11(x), we obtain:

11 (x) :/x u);/ﬂu afv™*dvdu

= /j g(u) xclu)ﬁ"‘ (log% — log u)du.

wlo

(179)

If we define bg(x) to be:

bs(z) = /J/3 () log udu (180)
then we reduce ¢11(x) to:
b1 (o) = 222 a(loglf 1080, 2y — 22 (), 181)
where by (z) is given in (114).
Similarly, for ¢12(z), it follows that:
rafo) = [ o0 "G 0w
[ o ((D) . (D)) ”
_ (”ﬁa log% - m> /;g(u)du
+ Da—?(ﬁf_a) /; g(w)u* du. (182)

Using the definitions of bs(z) and by(x) in (120), we can
simplify ¢12(x) as follows:

a D a—1 a
Pralr) = (xofaﬁ o DT a>) ()
af®
+ m%@) (183)

Now, we proceed to derive ¢(x) by solving by (x)-bs(x) for
z €[3,VD) and a = 2.

B. Assembling ¢(x) for x € [3,v/D) and a = 2

Notice that by (z), bs(x), bs(x), bg(x), and by(x) are the
same as for o < 2 and « € [3,V/D). Next, we only need to
derive by(x), bs(x), and bg(x) for o = 2. Tt is straightforward
to obtain by (z) and bz(x) as follows:

D o P2
bg(x)::”%f / ey + 0 /D u™du

_ x%fa (log D — 2log z) + D‘fifja_;)
o
and
_ mﬁ / e gy 5 T log 2 — log B). (185)
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As for bg(x), we can split the integral on [£3, Q] into two parts,

[3,2] and [2 —] where 7(z,u) = % and 1, respectively.
%
bs(x) z/ g(u) logudu
= N Egf logudu+/ u) log udu

x

D af”
— 2=
= 5p? <log - log? x) + Dl —a)

((8) e (2) " we2)
(8- ()7) o

- D(1—a)?
Simplifying bg(z) establishing the following equality:
aﬂQafl

zaflog D(log D — 2log x)

bs(z) =

log =
2D? De(1—a) 23
xaflaﬂa o D 05/620‘71—1-170‘710450‘
Dal—a) B2 Da(l— )2

(187)

By substituting (184) and (187) into ¢11(x) in (181), we
get:

p11(7) =

raf* log % TS D
D ( pr %83
aﬁ2o¢71 Iafloéﬂa
JrDo‘(l —a) Do(1-— a)>
_zaf? (zaﬂo‘ log D log D
D 2D? x?
ﬂ2a 1 D

log——mlog—
T hei—a) %3 Di(l—a) B
O[ﬁ2a 1

e laﬂa
"De(l-a)2 Da(1—a)2>

(188)

Further simplifying ¢11(x), we obtain that the next formula
holds:

1‘2&262& D D 2ﬁ3a 1
$11(z) T ps 0808 3 + Da“( ) 0g — 3
B 0‘04252& o D z’a®3**log D o D
DaFI(1—a) 3 2D3 &2
2 3a—1 D a2 32a
B S PO O W
Dotl(1 —q) 8 Da+1(1 — ) T
2 n3a—1 2 2a
4 _zab - A (189)
Do+1(1 — q)2 Da-i—l(l —a)2

Similarly, from (185) and (142), we have:

(2) = xaﬁal 2_ LB xaﬁ“l x

o) = (518 g~ pamin—qy ) D2 83
Oéﬂa x2a6a a:aﬁoz—&-l

+Da1(1—a)< D2 D?

) (190

which establishes:

2052ﬂ2a Dz T

T 2ﬂ2a T
¢12($) = T IOg 7 10 B W IOg E
2a2ﬁ2(y xaQﬁQ(y-‘rl
T D1 —a) D1 —a) (15

Therefore, the leading term 6;(x) in ¢ () is given by:

2202 3% log® D
() = g~ (192)

Notice that ¢o(z) and ¢3(x) are the same as for o < 2.
Therefore, it follows from (153) and (154) that the leading
terms in ¢2(x) and ¢3(x) are as follows:

20232 og D za2g2otl
f = 0 = — 193
Z(x) DS(Oé—l) 5 3(%) Ds(a—l) ( 9 )
Therefore, we have the leading term in ¢(z):
220232 log? D _
O(z) = Tg =0 (z°n?log’n), (194)

which gives the first line of (39).

C. Assembling ¢(x) for x € [V/D, ﬂ) and oo = 2

Next, consider the case of = € [V/D, %), where all b;(x)
except bs(x) and bg(x) are the same as for o < 2. Therefore,
we only need to recompute bs(z) and bg(x) for « = 2. For
bs(z), we split the integral range [3, z] into two parts: [3, ]

and [2, 2], where m(z,u) = % and 1, respectively. It follows
that:
T u
bg(x):/ —m(x,u) f(u)du
B D
= [ Eﬂ = f(u)du + /
8
_xapt [ ap” " o
=5 |, 2 /p du.  (195)

We simply bs(z) to obtain the following equation:

= vl 5 (v (2)7)
TR
For bg(x), it follows that:
bs(z) :/ (u) log udu */ u) log udu
= alﬁ)a /wi u” 2 log udu. (197)



Integrating by part the right-hand side of (197), we obtain:

a 11—«
of ((g) log% —J;l_aloga:>

D(1-a)

()

bg(.’lﬁ) =

B Oéﬁ2a_1 o 2 B aﬁo‘xl_o‘ logx
TDl-a) 3 T DA-a)
2a—1 @ .1—a
__of oz (198)
Do(l—a)2 ' D(I—a)

Now, we are ready to derive ¢;(x). Substituting (158) and
(198) into ¢11(z) in (181) results in:

aﬂZafl aﬁaxlfoc
De(1—a) D(1- a)>

p11(z) =

xaf% log %
5 (

B ra % ap?e1 | D aB%z!=*logx
D \D°(l-a) 23~ Dl-a)
aﬂQa—l aﬁaxl—a
“De(l—ap D(la)2>’ (199)

which leads to the following formula:

xa2ﬂ3a71 D 1,27040[26204 D

pr1(z) = mk’gﬁ - mlog 3

Z‘Oé2ﬁ3a_1 1‘2_(1052620‘ logx
- log -t —
Dotl(1 —a) 6] D2(1-«)
xa2ﬁ3o¢—1 x2—aa2ﬁ2a

n (200)

Dol(1—a)?2  D2(1—a)?

Combining with (162) and (196), ¢12(x) in (183) reduces
to:

raf” D o>
Pr2(z) = ( D %85~ Da_l(l_a))
xaﬁa D mlfaaﬁa xaflaﬁa
x ( D 8 T pli—a) Dw(1—a)>
aﬁa aﬁa .’EOlﬁa+1
+D°‘—1(1—a) ( D  D?
* D
—% log xz) . (201)

Then, we reduce ¢12(x) to become:

z2a?p% D\? 227?320 D
orste) = =5 (1os )+ Tt oy on
onza252a o 2 a2ﬁ2a
Do+(1—a) %23 Do(l—a)?
x2a—1a262a a262(x
T D1 a2  De(l—a)
2 32041 2 320 D
Lz b RS TR

- 1
DoFl(1—a) Do(l—a) 822
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Considering o = 2, it thus follows that the leading term in
¢1(x) is given by:
.132a_10é2ﬁ2a
01(7) = a7 — e
D?=1(1 — )
Combining with (169)-(171), we have the leading term in

oo (x) is:

(203)

xa2ﬁ2a—1
T Do(a—1)

Notice that ¢3(2) is the same as for o < 2 and = € |3,/ D)
in (154). It follows that the leading term in ¢5(z) is:

_ za?pret
- Dotl(a—1)
Since 6;(x) is dominant, we thus are able to identify the
leading term in ¢(x):
1,2(17 1 Oé2 /82&
- D20-1(1 — a)?
which establishes the second line of (39).

O2(x) (204)

e (205)

0(x) =0 (z°n7%), (206)

D. Assembling ¢(x) for x € [%, o0) and o = 2

For z € [%,oo) with o« = 2, we obtain that ¢(x) is the
same as in the already-covered case 1 < a < 2. Reusing the
results of Lemma 5, we have:

0(z) =0O (n7'),
which proves the third line of (39). |

(207)

APPENDIX III
PROOF OF LEMMA 5

Proof: As before, we start with 2 € [3,v/D) and obtain
that:

1‘2042ﬁ4 x2a2ﬁ2a log D
el(x) - DS(Q*O[)27 92($) - Da+1(a71)
$042,62a+1
Os(z) = Do 1)’ (208)

Since a > 2, it follows that 6;(x) is dominant and 0(z) =
O (z?n73).
For z € [VD, §), the leading terms 0, (x) are:

z2a?p4 203> log
01(z) = D32 — a2’ 02(z) = —Da
$a2ﬁ2a+1
Os(z) = Deti(a 1)’ (209)

Since 2 > D and « > 2, it is easy to verify that 0 () is
asymptotically larger than both 65 () and 5(x), and therefore
0(z) = O (2*n=3).

Finally, for x € [4,00), we again obtain 6(z) = © (n™")
using straightforward integration. Combining these results, we
establish (40). |



